Preliminaries
Throughout we consider only digraphs without multiple arcs and without directed cycles of length one or two. Such digraphs are sometimes called orientations. Caccetta and Häggkvist [3] proposed a generalization of Conjecture 1, requiring merely a lower bound on the out-degrees of D.
Let D = (V,
In fact, as is easily seen, Conjecture 2 could be equivalently stated for digraphs in which all out-degrees are exactly d. The best known results along these lines were obtained by Bondy [2] and De Graaf et al. [5] , respectively.
As observed by Seymour (see [2] ), Conjecture 4 would be implied if every digraph (or every digraph with δ ≥ n 3 ) has a vertex v such that |N ++ (v)| ≥ |N + (v)|. Hence a necessary condition for a possible counterexample to Conjecture 4 is that every vertex v satisfies |N ++ (v)| < |N + (v)|. In this paper we discuss several other necessary conditions for possible counterexamples to Conjecture 4. These conditions lead to proofs of special instances of the conjecture, but have not (yet) enabled us to prove or refute the conjecture.
Conditions on cycles and diameter
In this section we show by simple counting arguments that in a possible counterexample to Conjecture 4 every vertex is in a (large number of) directed four-cycle(s), and that the diameter of such a digraph is at most four. We also give an upper bound for the maximum degree of such a digraph. 
Proof. Consider an arbitrary vertex
In fact, using Theorem 5 we can obtain more: If we consider the subgraph H of D induced by N + (v), then the absence of a directed triangle in H implies δ
and similarly,
·δ ≥ 1+ 
Combining the three inequalities, we obtain 3δ ≥ n ≥ 3+2δ+ 
Proof. As before, for any
. This gives the result for ∆ + , and the result for ∆ − can be obtained in a similar way. 2
Conditions on subgraphs
We start this section with the simple observation that any tournament, i.e. any orientation of a complete graph, that contains a directed cycle, also contains a → ∆. So, if D is a digraph without a → ∆, then every complete subgraph of D is acyclic, and hence contains a source (a vertex with in-degree zero) and a sink (a vertex with out-degree zero). A subset of V (D) that induces a complete subgraph of D we refer to as a clique. We denote by ω(D) the maximum cardinality among all cliques of D. Proof. We use a special case of a well-known theorem of Turán. Denote by T 3,n the complete 3-partite graph on n vertices in which all parts are as equal as possible. It is known that any undirected graph G which contains no K 4 has at most |E(T 3,n )| edges, with equality only if G = T 3,n . It is clear that our digraph D has at least 
. It is not difficult to see that
So, we have that
On the other hand, it is not difficult to see that
So, we have (ii) For any i, j ∈ {1, 2, . . . , k} with i < j,
is a directed six-cycle.
Then D k is a k-regular digraph with exactly k (mutually disjoint) directed triangles.
